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a b s t r a c t
Tărnăuceanu and Bentea [M. Tărnăuceanu, L. Bentea, On the
number of fuzzy subgroups of finite abelian groups, Fuzzy Sets
and Systems 159 (2008) 1084–1096] gave an explicit formula
for the number of chains of subgroups in the lattice of a finite
cyclic group by finding its generating function of one variable.
Using this result Tărnăuceanu [M. Tărnăuceanu, Fuzzy subgroups
of finite cyclic groups and Delannoy numbers, European J. Combin.
30 (2009) 283–287] found an explicit formula for the central
Delannoy number. In this note we find a generating function of
multi-variables for the number of chains of subgroups in the lattice
of subgroups of a finite cyclic group. As results we give simplified
formulas for the number of chains of subgroups in the lattice of
subgroups of a finite cyclic group and for the central Delannoy
numbers compared with the formulas given by Tărnăuceanu and
Bentea.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
LetG be a group. A chain of subgroups ofG is a set of subgroups ofG linearly ordered by set inclusion.
A chain of subgroups of G is called rooted (more precisely G-rooted) if it contains G. Otherwise, it
is called unrooted. Tărnăuceanu and Bentea [3] gave an explicit formula for the number of rooted
chains of subgroups of a finite cyclic group by finding its generating function of one variable in the
view of classifying the fuzzy subgroups of a finite cyclic group (this leads us to the number of chains
of subgroups of a finite cyclic group by Proposition 1). Using this result Tărnăuceanu [2] found an
explicit formula for the central Delannoy numbers. In this note we find a generating function of multi-
variables for the number of chains of subgroups of a finite cyclic group. The reason why we choose
to find a multi-variable generating function is that given a sequence an1,n2,...,nk of k indices (k ≥ 2)
with a recurrence relation, it is often much more natural and comprehensible to find its generating
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function of k variables, if possible, rather than one variable. As results we give two simplified formulas
for the number of chains of subgroups of a finite cyclic group and for the central Delannoy numbers
compared with the formulas given by Tărnăuceanu and Bentea [2,3].
Given a group G, let C(G),D(G) and F (G) be the collection of chains of subgroups of G, of
unrooted chains of subgroups of G and of G-rooted chains of subgroups of G, respectively. Let C(G) :=
|C(G)|,D(G) := |D(G)| and F(G) := |F (G)|.
The following simple observation is useful for enumerating chains of subgroups of a given finite
group.
Proposition 1. Let G be a finite group. Then F(G) = D(G)+ 1 and C(G) = F(G)+ D(G) = 2F(G)− 1.
Let Z be the set of all integers. Given distinct positive integers i1, . . . , it we define a function
πi1···it : Zk → Zk, (x1, . . . , xk) → (y1, . . . , yk)
where
yℓ =

xℓ if ℓ ≠ ij for all j = 1, . . . , t
xℓ − 1 if ℓ = ij for some j such that j = 1, . . . , t.
For a general theory of solving a recurrence relation using a generating functionwe refer the reader
to [1,4].
2. The number of chains of subgroups of a finite cyclic group
Let
n = pβ11 pβ22 · · · pβkk
where p1, . . . , pk are distinct prime numbers and β1, . . . , βk are positive integers. Let Zn = ⟨v⟩ be the
cyclic group of order n. For any prime factors pi1 , . . . , pit of n let
Zn/pi1 ···pit :=

vpi1 ···pit

be the subgroup of Zn of order n/pi1 · · · pit . Since Zn has kmaximal subgroups
Zn/p1 ,Zn/p2 , . . . ,Zn/pk ,
we have
D(Zn) = C(Zn/p1) ∪ C(Zn/p2) ∪ · · · ∪ C(Zn/pk).
Using the inclusion–exclusion principle we get that
D(Zn) =

1≤i1<i2<···<it≤k
1≤t≤k
(−1)t+1C(Zn/pi1 ···pit ).
Further, by Proposition 1 we have
F(Zn) = 2

1≤i1<i2<···<it≤k
1≤t≤k
(−1)t+1F(Zn/pi1 ···pit ) (1)
(also see [3, Theorem 1]). Let aβ1,...,βk := F(Zn). Then Eq. (1) becomes
aβ1,...,βk = 2

1≤i1<i2<···<it≤k
1≤t≤k
(−1)t+1aπi1 ···it (β1,...,βk). (2)
The remainder of the paper is devoted to solving the recurrence relation of Eq. (2) by using
generating function technique.
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Let k be a positive integer. If k = 1, then we define ψβ1(x1) =
∞
β1=0 aβ1x
β1
1 . If k ≥ 2, then we
define
ψβ1,...,βk(xk, xk−1, . . . , xj) :=
∞
βj=0
· · ·
∞
βk−1=0
∞
βk=0
aβ1,...,βkx
βk
k x
βk−1
k−1 · · · xβjj
where j = k, k− 1, . . . , 2.
For a fixed positive integer kwe define a function λ as follows.
λ(xk) := 1− 2xk,
λ(xk, . . . , xj) := λ(xk, . . . , xj+1)− (1+ λ(xk, . . . , xj+1))xj
where j = k− 1, k− 2, . . . , 1.
Lemma 1. Let k be a positive integer. If k = 1, then
ψβ1(x1) =
1
1− 2x1 =
1
λ(x1)
. (3)
If k ≥ 2, then
λ(xk, . . . , xj)ψβ1,...,βk(xk, . . . , xj)
= (1+ λ(xk, . . . , xj))

1≤i1<···<it≤j−1,
1≤t≤j−1
(−1)t+1ψπi1 ···it (β1,...,βk)(xk, . . . , xj) (4)
for any j = k, k− 1, . . . , 2.
Proof. Since aβ1 = 2β1 by a direct computation, Eq. (3) holds. From now on we always assume that
k ≥ 2. We prove Eq. (4) by double induction on k and j. Assume k = 2. By Eq. (2) with k = 2, we have
aβ1,β2 = 2aβ1−1,β2 + 2aβ1,β2−1 − 2aβ1−1,β2−1.
Taking
∞
β2=1 x
β2
2 of both sides we have
ψβ1,β2(x2)− aβ1,0 = 2(ψβ1−1,β2(x2)− aβ1−1,0)+ 2x2ψβ1,β2−1(x2)− 2x2ψβ1−1,β2−1(x2).
Note thatψβ1,β2−1(x2) = ψβ1,β2(x2), ψβ1−1,β2−1(x2) = ψβ1−1,β2(x2), aβ1,0 = aβ1 and aβ1−1,0 = aβ1−1
by the definition. Since aβ1 = 2β1 , we have
(1− 2x2)ψβ1,β2(x2) = (2− 2x2)ψβ1−1,β2(x2),
which is
λ(x2)ψβ1,β2(x2) = (1+ λ(x2))ψβ1−1,β2(x2).
Thus Eq. (4) holds for k = 2. Assume that Eq. (4) holds from 2 to k − 1 and consider the case for k.
Note that the left hand side of Eq. (2) can be divided into three terms as follows.
2

1≤i1<i2<···<it≤k
1≤t≤k
(−1)t+1aπi1 ···it (β1,...,βk) = 2aβ1,...,βk−1,βk−1
− 2

1≤i1<···<it≤k−1,
1≤t≤k−1
(−1)t+1aπi1 ···it (β1,...,βk−1,βk−1)
+ 2

1≤i1<···<it≤k−1,
1≤t≤k−1
(−1)t+1aπi1 ···it (β1,...,βk).
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Now taking
∞
βk=1 x
βk
k of both sides of Eq. (2) we have
ψβ1,...,βk−1,βk(xk)− aβ1,...,βk−1,0
= 2xkψβ1,...,βk−1,βk−1(xk)− 2

1≤i1<···<it≤k−1,
1≤t≤k−1
xk(−1)t+1ψπi1 ···it (β1,...,βk−1,βk−1)(xk)
+ 2

1≤i1<···<it≤k−1,
1≤t≤k−1
(−1)t+1

ψπi1 ···it (β1,...,βk)(xk)− aπi1 ···it (β1,...,βk−1,0)

. (5)
Since
aβ1,...,βk−1,0 − 2

1≤i1<···<it≤k−1,
1≤t≤k−1
(−1)t+1aπi1 ···it (β1,...,βk−1,0) = 0 by Eq. (2).
Eq. (5) becomes
(1− 2xk)ψβ1,...,βk−1,βk(xk) = (2− 2xk)

1≤i1<···<it≤k−1,
1≤t≤k−1
(−1)t+1ψπi1 ···it (β1,...,βk−1,βk)(xk).
Hence Eq. (4) holds for j = k. Assume that Eq. (4) holds from k to j. Note that the summation of the
left hand side of Eq. (4) can be divided into three terms as follows.
1≤i1<···<it≤j−1,
1≤t≤j−1
(−1)t+1ψπi1 ···it (β1,...,βk)(xk, . . . , xj)
= ψβ1,...,βj−2,βj−1−1,βj,...,βk(xk, . . . , xj)
−

1≤i1<···<it≤j−2,
1≤t≤j−2
(−1)t+1ψπi1 ···it (β1,...,βj−1−1,βj,...,βk)(xk, . . . , xj)
+

1≤i1<···<it≤j−2,
1≤t≤j−2
(−1)t+1ψπi1 ···it (β1,...,βj−1,βj,...,βk)(xk, . . . , xj).
Now taking
∞
βj−1=0 x
βj−1
j−1 of both sides of Eq. (4) one can see that
λ(xk, . . . , xj−1)ψβ1,...,βk(xk, . . . , xj−1)
= (1+ λ(xk, . . . , xj−1))

1≤i1<···<it≤j−2,
1≤t≤j−2
(−1)t+1ψπi1 ···it (β1,...,βk)(xk, . . . , xj−1)
+ λ(xk, . . . , xj)ψβ1,...,βj−2,0,βj,...,βk(xk, . . . , xj)
− (1+ λ(xk, . . . , xj))

1≤i1<···<it≤j−2,
1≤t≤j−2
(−1)t+1ψπi1 ···it (β1,...,βj−2,0,βj,...,βk)(xk, . . . , xj).
Note that
λ(xj, . . . , xk)ψβ1,...,βj−2,0,βj,...,βk(xk, . . . , xj)
− (1+ λ(xj, . . . , xk))

1≤i1<···<it≤j−2,
1≤t≤j−2
(−1)t+1ψπi1 ···it (β1,...,βj−2,0,βj,...,βk)(xk, . . . , xj)
= λ(xj, . . . , xk)ψβ1,...,βj−2,βj,...,βk(xk, . . . , xj)
− (1+ λ(xj, . . . , xk))

1≤i1<···<it≤j−2,
1≤t≤j−2
(−1)t+1ψπi1 ···it (β1,...,βj−2,βj,...,βk)(xk, . . . , xj)
= 0 by induction hypothesis.
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Therefore we get that
λ(xk, . . . , xj−1)ψβ1,...,βk(xk, . . . , xj−1)
= 1+ λ(xk, . . . , xj−1) 
1≤i1<···<it≤j−2,
1≤t≤j−2
(−1)t+1ψπi1 ···it (β1,...,βk)(xk, . . . , xj−1). 
Eq. (4) with j = 2 gives us that
λ(xk, . . . , x2)ψβ1,β2,...,βk(xk, . . . , x2) = (1+ λ(xk, . . . , x2)) ψβ1−1,β2,...,βk(xk, . . . , x2).
Thus
ψβ1,...,βk(xk, . . . , x2) = f (xk, . . . , x2)

1+ 1
λ(xk, . . . , x2)
β1
for some polynomial f (xk, . . . , x2). Taking β1 = 0 we have
f (xk, . . . , x2) = ψ0,β2,...,βk(xk, . . . , x2)
and so
ψβ1,...,βk(xk, . . . , x2) = ψ0,β2,...,βk(xk, . . . , x2)

1+ 1
λ(xk, . . . , x2)
β1
. (6)
Lemma 2. For any integer k ≥ 2,
ψ0,β2,...,βk(xk, . . . , x2) =
1
λ(xk, . . . , x2)
. (7)
Proof. The proof is proceeded by induction on k. Eq. (6) with k = 2 gives us that
ψβ1,β2(x2) = ψ0,β2(x2)

1+ 1
λ(x2)
β1
.
Since
ψ0,β2(x2) =
∞
β2=0
a0,β2x
β2
2 =
∞
β2=0
aβ2x
β2
2 =
∞
β2=0
2β2xβ22 =
1
1− 2x2 =
1
λ(x2)
we have
ψβ1,β2(x2) =
1
λ(x2)

1+ 1
λ(x2)
β1
.
Assume now that Eq. (7) holds for k− 1. Then by Eq. (6) we have
ψβ1,...,βk−1(xk−1, . . . , x2) =
1
λ(xk−1, . . . , x2)

1+ 1
λ(xk−1, . . . , x2)
β1
.
Note that
ψ0,β2,...,βk(xk, . . . , x2) =
∞
β2=0
 ∞
β3=0
· · ·
∞
βk=0
aβ2,...,βkx
βk
k · · · xβ33

xβ22 .
=
∞
β2=0
ψβ2,...,βk(xk, . . . , x3)x
β2
2 .
Since
ψβ2,...,βk(xk, . . . , x3) =
1
λ(xk, . . . , x3)

1+ 1
λ(xk, . . . , x3)
β2
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by induction hypothesis, we get that
ψ0,β2,...,βk(xk, . . . , x2) =
∞
β2=0
1
λ(xk, . . . , x3)

1+ 1
λ(x3, . . . , xk)
β2
xβ22
= 1
λ(xk, . . . , x3)
1
1−

1+ 1
λ(xk,...,x3)

x2
= 1
λ(xk, . . . , x2)
. 
In summary we have proved the following.
Theorem 2. Let Zn be the cyclic group of order
n = pβ11 pβ22 · · · pβkk
where p1, . . . , pk are distinct prime numbers and β1, . . . , βk are positive integers. Let C(Zn) and F(Zn)
be the number of chains of subgroups and rooted chains of subgroups, respectively, of G.
(1) If k = 1, then F(Zn) is the coefficient of xβ11 of
ψβ1(x1) =
1
1− 2x1 =
1
λ(x1)
. (8)
That is, F(Zn) = 2β1 and C(G) = 2β1+1 − 1.
(2) If k ≥ 2, then F(Zn) is the coefficient of xβ22 xβ33 · · · xβkk of
ψβ1,...,βk(xk, . . . , x2) =
1
λ(xk, . . . , x2)

1+ 1
λ(xk, . . . , x2)
β1
. (9)
Furthermore C(Zn) is the coefficient of x
β2
2 x
β3
3 · · · xβkk of
2ψβ1,...,βk(xk, . . . , x2)−
k
i=2
1
1− xi .
By increasing the complexity a little bit one can obtain the following.
Corollary 3. Let Zn be the cyclic group of order
n = pβ11 pβ22 · · · pβkk
where p1, . . . , pk are distinct prime numbers and β1, . . . , βk are positive integers. Then the number F(Zn)
of rooted chains of subgroups of Zn is the coefficient of x
β1
1 x
β2
2 · · · xβkk of
ψβ1,...,βk(xk, . . . , x1) =
1
λ(xk, . . . , x1)
.
We now find the coefficient of xβ22 x
β3
3 · · · xβkk of ψβ1,...,βk(xk, . . . , x2) explicitly. Note that
ψβ1,...,βk(xk, . . . , x2) =
1
λ(xk, . . . , x2)

1+ 1
λ(xk, . . . , x2)
β1
=
β1
i1=0

β1
i1

1
λ(xk, . . . , x3)
i1+1 1
1−

1+ 1
λ(xk,...,x3)

x2
i1+1 .
J.-M. Oh / European Journal of Combinatorics 33 (2012) 259–266 265
Thus the coefficient of xβ22 of ψβ1,...,βk(xk, . . . , x2) is
β1
i1=0

β1
i1

i1 + β2
β2

1
λ(xk, . . . , x3)
i1+1 
1+ 1
λ(xk, . . . , x3)
β2
=
β1
i1=0
β2
i2=0

β1
i1

β2
i2

i1 + β2
β2

1
λ(xk, . . . , x4)
i1+i2+1
×
 1
1−

1+ 1
λ(xk,...,x4)

x3
i1+i2+1 .
Similarly, the coefficient of xβ22 x
β3
3 of ψβ1,...,βk(xk, . . . , x2) is
β1
i1=0
β2
i2=0

β1
i1

β2
i2

i1 + β2
β2

i1 + i2 + β3
β3

1
λ(xk, . . . , x4)
i1+i2+1
×

1+ 1
λ(xk, . . . , x4)
β3
=
β1
i1=0
β2
i2=0
β3
i3=0

β1
i1

β2
i2

β3
i3

i1 + β2
β2

×

i1 + i2 + β3
β3

1
λ(xk, . . . , x4)
i1+i2+i3+1
.
Continuing this process one can see that the coefficient of xβ22 · · · xβk−1k−1 xβkk of ψβ1,...,βk(x2, . . . , xk) is
2βk
β1
i1=0
β2
i2=0
· · ·
βk−1
ik−1=0

β1
i1

β2
i2

· · ·

βk−1
ik−1

i1 + β2
β2

i1 + i2 + β3
β3

· · ·

i1 + · · · + ik−1 + βk
βk

= 2βk
β1
i1=0
β2
i2=0
· · ·
βk−1
ik−1=0
k−1
r=1

βr
ir
βr+1 +
r
m=1
im
βr+1
 .
Therefore we have proved the following.
Corollary 4. Let Zn be the cyclic group of order
n = pβ11 pβ22 · · · pβkk
where p1, . . . , pk are distinct prime numbers and β1, . . . , βk are positive integers. Then the number F(Zn)
of rooted chains of subgroups of Zn is
F(Zn) = 2βk
β1
i1=0
β2
i2=0
· · ·
βk−1
ik−1=0
k−1
r=1

βr
ir
βr+1 +
r
m=1
im
βr+1
 .
Since
aβ1,β2,...,βk = aβσ(1),βσ(2)...,βσ(k)
for any permutation σ on the set {1, 2, . . . , k}, according to our notations the formula in [3,
Corollary 4] can be written as
F(Zn) = 2
k
i=r
βr
β1
i1=0
β2
i2=0
· · ·
βk−1
ik−1=0

−1
2
k−1
r=1
ir k−1
r=1

βr
ir
βk +
r
m=1
(βm − im)
βr
 .
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Similarly, the formula for the central Delannoy numbers in [2, Corollary 5] can be written as
D(n, n, . . . , n  
k
) = 2(k−1)n
n
i1,i2,...,ik−1=0

−1
2
k−1
r=1
ir k−1
r=1

n
ir
 (r + 1)n−
r
m=1
im
n
 .
On the other hand, by Corollary 4 it can be simplified as follows.
D(n, n, . . . , n  
k
) =
n
i1,i2,...,ik−1=0
k−1
r=1

n
ir
n+
r
m=1
im
n
 .
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